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The plasma crystal formed by monodisperse particles trapped in the sheath of an rf discharge is known to
show vertically aligned structures. Here, oscillations of the aligned particles are found below a threshold value
of gas density as a precursor of the melting transition. Attractive forces due to the formation of a positive
space-charge region below the upper particle are calculated from Monte Carlo simulations of ion trajectories in
the sheath. The alignment as well as the oscillations of the plasma crystal are explained by a simple model
based on the asymmetry of the forces.@S1063-651X~96!50307-7#

PACS number~s!: 52.25.Vy, 52.35.2g, 62.30.1d

The formation of Wigner crystals in dusty plasmas has
attracted much interest very recently. Dust particles im-
mersed in a plasma interact by means of the Coulomb repul-
sion of the particle’s charges acquired by electron and ion
currents. Ikezi@1# theoretically predicted plasma conditions
under which these particles should form regular lattices, the
so-called plasma crystal. Experimentally these crystals were
found by Chu and co-workers@2–4# in a magnetron rf dis-
charge with trapped discharge-grown SiO2 particles. Tho-
maset al. @5# and Melzeret al. @6,7# found plasma crystals in
parallel plate rf discharges where dust particles intentionally
added to the plasma are trapped in the sheath of the lower
electrode, where mainly the upward-directed field force bal-
ances the gravitational force on the particles. The dust grains
arrange in a flat crystal with a diameter of a few hundred
interparticle distances and a thickness of up to 20 layers,
with usual two-dimensional~2D! hexagonal order in the
plane. In the vertical direction the particles are found to be
aligned@4,7,8#.

In this paper we show that the alignment can be explained
by nonreciprocal attractive forces on the particles due to ion
streaming motion. These forces overcome the dust Coulomb
repulsion. They are also responsible for the onset of particle
oscillations about the aligned positions, which are compared
with experimental findings.

The measurements were performed in a parallel plate rf
discharge at 13.56 MHz and a power input of 12 W with the
lower electrode powered and the upper grounded. The dis-
charge was operated in helium at pressures ranging from 30
to 150 Pa. Monodisperse spherical melamine/formaldehyde
particles of 4.8mm and 9.4mm diameter were added to the
plasma. The choice of different particle sizes provides a
change of the gravitational force by a factor of about 8. The
dust crystal is illuminated by a vertical or horizontal laser fan
and is observed in scattered light with a video camera. The
experimental setup has been decribed in detail in@7#. The
charge on the dust particles is determined from the resonance

frequency in the potential well formed by the gravitational
and electrical forces@6–8#. The measured charge is
Z2515 000 elementary charges corresponding to a surface
potential of f525 V for the 9.4-mm particles
(Z253600,f522.2 V for the 4.8-mm particles!. Figure 1
shows a side view of the crystal formed by the larger par-
ticles at a pressure of 118 Pa. One can see that the dust
crystal consists of two aligned layers in contrast to a close-
packed structure, which is a minimum energy state for repul-
sive forces. The possibility of attractive forces by polariza-
tion of the ion flow were recently discussed in@9,10#. bcc
and fcc structures@4# were reported for laterally constricted
systems, but in our experiment the aligned particle arrange-
ment is always found for both particle sizes. With an increas-
ing number of layers the particles still form vertically aligned
chains. We restrict further discussion to the case of two lay-
ers in order to compare with a simple model. The interpar-
ticle distance isa5450 mm in the horizontal direction and
d5360 mm in the vertical direction for the larger particles
(a5350 mm, d5280 mm for the smaller grains!.

Another important feature of this particle arrangement is
revealed when the gas density is reduced. Then the particles
start to oscillate horizontally about their equilibrium posi-
tions ~see Fig. 2! at a frequency in the range of 8 to 20 Hz
with amplitudes of some 10mm. The amplitudes of the
lower-layer particles are greater by about a factor of 2 than
that of the upper-layer particles. The upper particles have a
phase lead of about 50°630°. The peculiarity lies in the fact
that these oscillations have a sharp onset when the gas den-
sity is reduced and that the density is so high that all exter-
nally forced oscillations are still damped out within millisec-
onds. Furthermore, these oscillations seem to be a precursor
for the phase transition from solid to liquid when the gas
density is reduced@8#.

We have carried out extensive Monte Carlo~MC! simu-
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lations to determine the forces by distortion of the ion trajec-
tories in the sheath.

The system studied consists of two hexagonal layers of
dust particles with the interparticle and vertical distances
taken from the experiment (a5450 mm, d5360 mm!. The
particle potential was fixed atf525 V. In the experiment
the crystal is suspended in the sheath above the lower elec-
trode by a nearly linearly increasing electric field@11#.
Therefore, such an electric field is superimposed on the Cou-
lomb field of the dust grains in the simulation. Charge-
exchange collisions are also taken into account. From the ion
trajectories the forces acting on the dust particles are calcu-
lated.

Figure 3 shows a contour plot of the ion density~averaged
over angle! from the MC simulation with an ion mean-free
path of 100mm, which corresponds to a pressure of about
100 Pa. The dust particles are vertically aligned and are lo-
cated atr50 mm andz50 mm ~upper! and z5360 mm
~lower!, wherer ,z denote cylindrical coordinates. In the ra-
dial direction only half the spacing to the next neighbor at
r5450 mm is shown. One can identify three different re-

gions in this plot. Forr.100 mm there is an almost undis-
turbed region~region 3!. Here the ion density slowly de-
creases with increasingz because of the ion acceleration by
the electric field. Close to the dust particles~region 1! there
is a very high ion density due to trapped ions in the potential
well of the dust particles. Below the dust particles one can
see a region~region 2! of enhanced ion density~ion cloud!
with respect to the undisturbed ion density. It is formed by
ions which are deflected by the attractive forces between dust
particles and ions. The ion cloud of theupperparticle pro-
vides an attractive force for thelower dust particles. This is
the reason for the alignment of the particles. A similar focus-
ing effect was found in collisionless models of the ion flow
around dust grains@9,10#. Our approach, however, is more
realistic in that it includes ion acceleration in the sheath and
charge-exchange collisions, which counteract the focusing.

When the lower dust layer as a whole is shifted with
respect to the upper layer, then the ion cloud is still found
directly below theupperparticle and is only slightly affected
by the position of thelowerparticle layer. On the other hand,
there is a strong restoring force on the lower particle pro-
vided by the ion cloud. These findings are the key points in
the further discussion of the stability of this dust particle
arrangement.

In Fig. 4 the horizontal component of the forces on the
lower particle are compiled when the lower layer is shifted
with respect to the upper layer. The repulsive force between
the particles of the lower and upper layers is given as curve
3. Curve 1 shows the attractive force by the ion cloud. This
force is negative because it is restoring. It is important to
emphasize here that an equivalent attractive force for the
upperparticle does not exist, because the ion cloud is created
by the upper particle and is always located below it. Hence
the vertical alignment is explained by the horizontally attrac-
tive force on the lower particle due to an accumulation of
ions behind the upper particle. This attractive force out-
weighs the repulsive forces between the dust particles.

The stability of this particle arrangement and the oscilla-

FIG. 2. Horizontal oscillations of upper and lower particles.

FIG. 3. Ion density distribution obtained from Monte Carlo
simulations. The ion density is given relative to the density at the
simulation boundary atz52500 mm.

FIG. 4. Forces acting on the lower particle when the lower layer
is shifted as a whole with respect to the upper layer.~1! Attractive
force resulting from MC simulation;~2! attractive force obtained
from the model system withg50.5 andd50.4; ~3! repulsive force
of the upper layer.
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tions of the particles about their aligned positions can be
studied analytically in a model which is derived from the
MC results. The ion cloud below the upper particle is in our
model represented by a massless positive point chargeZi at a
vertical distanced2di below the upper particle. The values
of g5Zi /Z2 and d5di /d are chosen in such a way that
their attractive force on the lower particle fits the MC results
~see Fig. 4, curve 2!. The positive charge is treated as being
rigidly attached to the upper particle as seen in the MC simu-
lations. On the particles of the lower layer act the attractive
forces of the positive point charges and the repulsive forces
of the upper particles, whereas on the upper particles act only
repulsive forces from the lower layer. There is no attractive
force for the upper particles, and also the positive charge is
not attracted by the lower layer, as found from the MC simu-
lations. Hence there is an asymmetry in the forces between
the upper and the lower particles. It is this asymmetry which
determines the stability and oscillations of the crystal.

The linear stability analysis for the full model with two
hexagonal layers, taking into account all interparticle forces,
is beyond the scope of this paper and will be presented else-
where. Stability and oscillations can also be discussed in a
simplified 1D model. We will show that undamped or even
temporally growing, oscillating solutions for the upper and
lower particles exist at a finite value of the damping constant.

This model consists of interacting chains of masses and
springs~see Fig. 5!. The repulsive forces between the upper
and lower particles and the attractive force on the lower par-
ticle due to the positive charge are explicitly taken into ac-
count only for the three particles at each chain position. The
repulsive forces of neighboring particles are represented by a
springk1 for the upper and lower chains, which in principle
could be adjusted for shielding. The additional attractive
force on the particles of the lower layer by the positive
charges of the neighboring chain positions leads to a differ-
ent effective springk2 for the lower layer. It may be antici-
pated thatk2,k1 because the attractive force weakens the
repulsive force for the lower chain.

So we end up with the following set of equations:
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ẍ2
~n!1n ẋ2
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wherex1
(n) ,x2

(n) are the horizontal displacements of thenth
upper and lower particles, respectively, andA5Z2e2/
4pe0m, wheree is the elementary charge,e0 is the permit-
tivity of free space, andm is the mass of the dust particles.
The terms containingA are the linearized repulsive and at-
tractive forces.n is the damping constant due to friction with
the neutral gas background@12#. The dots denote time de-
rivatives. Shielding effects are here neglected for simplicity.
With the usual ansatz for waves on linear chains
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andk5k2 /k1 . This system describes three different types of
solutions. Forv

*
2 ,0 we have a nonoscillating unstable sys-

tem for any value ofn. For v
*
2 .0—a sufficient condition

for this is g/d3.2, which means that the attractive force is
larger than twice the repulsive force—one finds a critical
value of the damping constantn* , above which the system
is aligned and stable and below which it is oscillating with
growing amplitude. Oscillations appear when the inner
square root of~3! becomes imaginary at

n*5v
*
21Im@AC2/41K~K1gA/d3d3!#. ~4!

A necessary but not sufficient condition isK,0, which
means that the lower springk2 must be weaker than the
upperk1 , andK1gA/d3d3.0. The latter condition can be
fulfilled by the attractive force of the positive point charge.
Here one clearly sees that the asymmetric forces are respon-
sible for the existence of these undamped oscillations. If this
asymmetry is absent, then the inner square root collapses to
AC2/41K2; therefore it will not be imaginary, and all oscil-
lations will be damped.

FIG. 5. The coupled chain model.
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Undamped oscillations of the dust particles in the pres-
ence of friction arise because of available free energy. In our
model the source is the positive point charge which provides
an attractive force on the lower particle without itself being
attracted by the lower particle. In the real physical system the
source of free energy is provided by the streaming ions,
which create the ion cloud below the upper particle that at-
tracts the lower particles.

In the simplified model there exists a range of values of
g/d3 and k2 /k1 , for which the critical damping constant
attains nonzero values. The critical value of the damping
constantn* , the amplitude ratioux2,0/x1,0u, and the phase
difference of the oscillations can now be calculated. For the
amplitude ratio one finds the simple result
ux2,0/x1,0u5Ag/d321, independent of the wave number and
k. Hence forg/d3.2, the oscillation amplitude of the lower
particle is larger than that of the upper. In Fig. 6,n* , the

corresponding critical pressurep* , @12# and the phase lead
of the upper particle with respect to the lower are shown as a
function of the wave number forg/d353 and k50.6.
k1 /m52A/a3 is obtained from nearest-neighbor interaction
only. For long wavelengths no temporally growing oscilla-
tions exist. Oscillations can occur below a value of 100 Pa
for wave numbers aboutqa51.75. The corresponding phase
shift is aboutp/4. These values are comparable to the ex-
perimental values. Of course these results depend on the ex-
act values of the parameters, but the critical pressure is al-
ways found between 30 and 200 Pa at small wavelength. It is
found that the upper particle always has a phase lead be-
tween 0 andp/2, which agrees with the observations. It must
be admitted that an uncertainty lies in the calculation of
k1 , since only nearest neighbors are taken into account and
screening is neglected. However, our simplified model is
able to explain the oscillation mechanism with reasonable
agreement with experiment.

In conclusion, we have shown that ion streaming around
dust grains is responsible for the alignment of the crystal and
for the onset of unstable oscillations. From a quantitative
analysis under realistic conditions and taking collisions into
account, the aligned structure is found to be energetically
favored over the hcp structure. A simple 1D model is able to
predict the sharp boundary between the stable alignment and
the oscillations in the presence of frictional damping as ob-
served in the experiment. The crucial idea behind the insta-
bility is the introduction of nonreciprocal forces that reflect
the symmetry breaking by streaming ions. This instability
can also be considered as the energy source that leads to the
experimentally observed heating of the dust particles@8# dur-
ing the melting transition.
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FIG. 6. Critical damping constantn* , corresponding pressure
p* , and phase shift as a function of the wave number.
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